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Optimalizace

Metody operacniho vyzkumu 1909
A. K. Erlang, 1940 R. Watson-Watt

Optimalizace = hledani nejlepsSich vysledku pod
vlivem urcitych okolnosti X

Minimalizovat vyrobni naklady, nebo
maximalizovat zisk

Neexistuje optimalizacni metoda, ktera dokaze
efektivneé resit vsechny optimalizacni problémy
(tfidu problému)




Narocnost vypocetnich uloh

* Rozdéleni uloh operacniho vyzkumu S.A. Cook
1971

— P (polynomialni) 2
— NP (Non-deterministic P)
e Turinguv stroj 1937 A. Turing

PCNP




Matematické programovani

 Matematické programovani = hledani
vazanych extrému funkci vice proménnych

* Prevedeni vécného problému do
matematického zapisu

 Ucelova (kriterialni)
funkce

e Omezeni

- ~

globalni optimum lokalni optimum




Matematické programovani

* Linearni programovani
* Nelinearni programovani
* CeloCiselné programovani

. (Geometrické programovém’)
min { f(x);g(x) < 0,h(x) =0,x € X}

e Stochastické programovam’
min { f(x x,£) < 0,h(x,¢)=0,x € X}

£:Q—RE (Q, %, P)




Modelovaci jazyky

* GAMS, AMPL, LINDO, MPL, ....

GAMS

¢ Resi

— CPLEX, COIN, ......
— CONOPT, MINQOS, BARON, .....

* Vymeéena dat

— GDX




GAMS (General Algebraic Modeling

ystem)
1 i = 0...M
* MnoZina = ; _ ..

* Parametry— ¢~

= )\ = const
. O 3 0. casting speed
romenne g 5]

R , = iy heat transfer coefficient
* ROovhice

— Ucelova funkce — = = max(v.)

. Omezenl' X/ Z = min {ma.x {nu-rface,z' - jjsu-’rface,z'—kl} - 'Ucastz'-n.g}
T = a4+ aq cos(H™ ) + by sin(HE ) + ..

0] i\j 1]
+as cos(5H Mw) + by sin(5H w)

hftc,4 é htc,4,ma$




GAMS

== gamsid D:PistEkWMaxwell, gpr

File Edit Search Windows Utilities Model Libraries Help

T — L

== D:\Popelatschedulingisc heduling'¥.4\schedulingischeduling1.gms

B9 [[=1] < ]

Maxwel.gms | Manwelllst || scheduingl.gms teima_kandidatni_reseni.gms
positive variable
¥ 13.n)
uij,m
uu (3, ml
®xx (3}
<
lequations
total_time total lead time (makespan) - objective function
finish_time finish time of job j
binary condition condition for binary varishles
sequentiall sequential operations on different machines
sequential2 sequential operations on different machines
sequentialld sequential operations on different wachines
Fequentiald sequential operations on one machine
sequentials sequential operations on one machine
total time .. z sumi{j, xx (31}
finish_time(j,n) .. xxi(j) =g= xij,n);
=
sequentiallim, i) .. wii,ml + ti(i,m =e= uuij,m:
sequential? im,3) .. sumin,xij,n) *incidence matrix3 (n,m)) =1= u(j,m;:
Fequentialdim,j) .. sumin,xij.n) *incidence wmatrix2in.m)) =g= wuij.m;
-
inary conditionim,k,p)$(not ordik) ge ord(p)).. ¥(XK,p,m) + vip,k,m) 1:
-
sequentialdim,k,p) inot ordik) eq ordipl).. uuik,m) - uip,m) =l= g#*{l-y(k,p,m)}
Fequentialsim k,p)§inot ord(k) eq ord(p)).. uuik,mj - uip,m - (-g-1) *({y{k,p,m) =g=
-
option limrow = 10000;
option optcr=0 ;
option opteca=0
-
model scheduling n_jobs /fall/ ;
option mip = eplex:
solve scheduling minimizing z using mip:
display x.l,u.l,uu.l,y.l,%xx.1,3cheduling.resusd,scheduling.iterusd,scheduling.numnz;
execute unload 'scheduling.gdx',x U uu ¥ 2 xx;
execute 'gdxxrw.exe scheduling.gdx 30=N var=x.l rng=Cutput!'b4 var=u.l rng=0output|
T |

'b26 wvar=uu.l rang=Cutput 'b4d var=y rang=0output ' oZ var=z rng=output 'z wvar=u.l rng=Inpu’—I




Vybrané aplikace

Rozvrhovani vyroby

Michani oceli

Model visko-elastického prvku
Model rozpoctu

Optimalizace ZPO




Rozvrhovani vyroby (scheduling) MIP

machl | mach? | mach3 | machd | mach5 | mach6 | mach? | mach8 | mach?
ti 11 0 ] 5 5 12 1 12 13
tia 11 1 T 13 12 fi 15 14 1
tia 15 fi 8 12 1 0 5 A 10
tia 10 4 5] 13 13 0 15 14 4
tis 11 15 4 0 2 15 11 1 0
ti 2 2 12 5 1 5 ] 5 15
tir 15 7 5 3 3 10 T 7 11
tis 5 10 4 3 0 2 T 14 4
tio 12 fi 5 14 10 10 T 2 0
ti10 11 14 13 1 0 14 T 11 8




Rozvrhovani vyroby MIP

. T .
Zin = M0 Y 7 2 0 (Zmin = Min(max; z;,))
Tig 2 Tik
— o+
. o
-1'3',10 Z Q"i,j

55,9,3' + 55,9,::' =1
.t —
1’5,;’ — a"g,j < G(l — 5,{?9?3')

At —
T =, = (—G — 1)5559’5,- >1
;= U
+
Q.le",j Z 0
‘I:i,k’ > 0

(S,{?g,j < {0, 1}

k=1,....q
J=1....m
7=1,....m
g=1...., m

1<lg<n/l#g
1<lg<nl#g
1<lg<n/l+#g
J=1,....m

jzl;...,m
1<l,g<n.l#g




macho

mach0?2

mach03

mach04

machoS

mach06

mach07

machos

mach09

Rozvrhovani vyroby MIP
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Michani oceli (melt control problem)
NLP

— Omag|Skupi| |l si | p | s [cu| Niler Mo | v | 1] a| o
enl na
ars| 5 | 20900000 [0.000 | 0,000 [ 0,000 | 0,000 0,000 | 0000 [ 0,000 | 0,000 | 0,000 | 0,020 | 0008
0,100 | 0.450 | 0,050 | 0,020 | 0,020 | 0,300 | 0,300 | 0,300 | 0,080 | 0,100 | 0,005 | 0,070 | 0,060
ross| 5| 0130 | 0:250 | 0.200 | 0,000 | 0,000 | 0,000 | 0,000 | 0,000 | 0,000 | 0,030 | 0,000 | 0,020 | 0,000
0,170 | 1,200 | 0,400 | 0,035 | 0,020 | 0.300 | 0,400 | 0.200 | 0,080 | 0,060 | 0,002 | 0,060 | 0,030
s10s7| 3 | 0180 | 2:250 | 0,150 | 0,000 0,000 | 0,000 | 0,000 | 0,000 | 0,000 | 0,000 | 0,000 | 0,020 | 0,000
0,200 | 1,550 | 0,250 | 0,030 | 0,020 | 0.200 | 0,300 | 0,200 | 0,080 | 0,002 | 0,002 | 0,060 | 0,060
r1s00| a| 240 0450 [0:200 | 0,000 [ 0,000 | 0,000 0,000 | 0000 [ 0,000 | 0,000 | 0,000 | 0,020 | 0,008
0,300 | 0,650 | 0,275 | 0,015 | 0,020 | 0.300 | 0,300 | 0.250 | 0,080 | 0,200 | 0,050 | 0,060 | 0,060
rae0| 5 | ©790 ] 0900|0150 | 0,000 [ 0,000 [ 0,000 0,000 | 0000 [ 0,000 | 0,000 | 0.000 | 0,000 | 0,008
0,800 | 1,200 | 0,350 | 0,035 | 0,02 | 0.250 | 0,400 | 0,300 | 0,200 | 0,200 | 0,200 | 0,060 | 0,050
. .| Skupi . . . .
Oznadeni Cq | C | Mn Si P S Cu Ni Cr Mo Y, Ti Al Nb | Tsol | Tlik

na

11325 2 |0,067]0,050f 0,225 (0,025 | 0,010 | 0,010 | 0,150 | 0,150 | 0,150 | 0,040 | 0,050 {0,0025| 0,045 | 0,030 |1499,8)1529,8

21026 5 0,235]0,150( 1,075 | 0,300 (0,0175| 0,010 | 0,150 | 0,200 | 0,100 | 0,040 | 0,045 | 0,001 | 0,040 | 0,015 |1451,4({1514,2

31087 3 10,275]0,190] 1,450 | 0,200 | 0,015 | 0,010 | 0,100 | 0,150 | 0,100 | 0,040 | 0,010 | 0,001 | 0,040 | 0,030 [1438,7{1510,6

11500 4 10,326 ]0,270| 0,550 | 0,275 | 0,015 | 0,010 | 0,150 | 0,150 | 0,125 | 0,040 | 0,050 | 0,025 | 0,040 | 0,030 |1423,2

13180 6 0,826]0,75| 1,050 | 0,250 {0,0175| 0,010 | 0,125 | 0,200 | 0,150 | 0,050 | 0,100 | 0,050 | 0,040 | 0,025 |1322,7




Michani oceli NLP

Zmin = MIN (Z add component + Z addsteeg)

Tiikvidus = 1536 — 8wtC' — 7, 6wtSt1 — 3. YwtMn — 33, 4wt P —
—38wtS — 3, TwtCu — 3, 1wtN1 — 1, 3wtC'r — 3, 6wt Al
j}ékmdus < .Tsteel

COMP;i nin << COMP; < COMP; max

m = mg E m;
comoly + > cymiT;

mc

Tsteel —

compc =0

m = 1Mo + E nr




Optimalizace visko-elastického prvku
pro spalovaci motory NLP
T

G = c(f) + jwk(f)

of) k() |- Re }:(/ ) I m?(f)

k2
Rflf(f) - Z 2 k2 4+ 2
i) —1 1=1 M
Gy =3 (l L) -
’ —\ ¢ Jwhk; \ i ,
CoW
! « Imp(f) = Z 52 1 2
i=1
cj.é czé -
leJ k2 - k I_J




Optimalizace visko-elastického prvku
pro spalovaci motory NLP

Zmin = minz (Ren(f) — RG;{(f))z J/Rex (f)+ (Imas(f) — I'??’.{-K(f))z JImg(f)
f

L ikl
Rfimr(f) = Z !

L4272 2

n

Cf-zi,d]{fi
Imp(f) :Z !

F 42 ].2 2

Ci,m@n 5 C:!'. g Ci,n]ﬂ.x \V(E — ]...?1—
ki?ﬂliﬂ g k? g kijﬂla,x \v/?» —_— 1?1




Optimalizace visko-elastického prvku

pro spalovaci motory NLP
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C1=90452.247
C2=0.000
C3=5321.087
C4=1.212253E+20
K1=75.838
K2=118.702
K3=24.210
K4=174.420

C1=31839,303
C2=-21598,41
C3=17608,315
C4=4,03E+19
K1=10,211
K2=16,867
K3=17,845
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Matematicky model rozpoctu
LP, NLP

wiA=y'

Zmar = Max Z (J’,— - ?)2 (:min = minZ(J;i - J_;)l) (zmﬂr = Inax Z(yf ))

le L

5= 4
y ]52.1},-
> aw, =,
j

w, 20, nyzl , ijzl ,
i J

i{l,.,15), je{1,234}.




Matematicky model rozpoctu
LP, NLP

M uF1 UMTME UMl UK EUl usT UvssaR UPEI vin. ol L e | il LFPT Celkern
13210 13220 13250 13280 13290 13300 13310 13350 13360 13370 13420 134860 13520 12620
A. vzdéldvaci éinnost
fa. Zapoditatelné hodiny 20%
Zapodiatelné hodiny "Prat”a "Doc.” 19 619 12 102 17 402 9123 12 584 12 654 27 765 2707 11781 9128 16 611 12 661 17555 1056 504 197 242
koe fcie nt pou pro e sord a docentd .8 134 19,4 101 15,1 0.7 308 a7 131 10,1 185 14,1 195 2,2 06 219
Zapodimtelng hodiny "Ostatni 44172 7132 0 958 22 540 50 274 15 546 53 215 3778 13972 75z 17 855 6334 25962 31688 i 350 730
ko ficie it po &y odbomyich asiste ntd a3z 7.1 21.0 25 50,3 155 68 2 3.8 140 73 173 6.4 6.0 31,7 0.0 351
Podet hodin wiaboratefich CZa 2370 613 z 840 62 1671 1782 T 436 482 1208 1095 3718 ag4 4445 1322 i 41 118
Podet hodin wiaboratofich CZb [i] 4101 484 5 467 3643 489 10 124 1199 D089 306 1021 236 1182 i i 30380
Poiet hodin wiaboratofich CL [i] [i%3 i 34 0 i 447 54 76 o 10 3 49 i i 787
ko fizie it po & technickich pracouniki 38 32 23 34 56 2.0 7z 1.6 23 1.3 25 1.4 30 1.7 05 az
Wipodto i mazd ouy fond pracewiitd 1378 626 260 274 274021 700930( 1350316 200026 1206068 410 020 505 731 320 176 706 660 465 609 a77 205 660 221 0 248 12 186 046
Podil pracovité dle kritéria Aa 1131 % TOE% AT T5% 11.15% 6,57 % 15.57% 3,36% 4,89% 319% GA4% 352 % F02% 542 % 017% 100 DO%
Mz do wi fond pracowiftd (krit. Aa) 630 450 393 682 399 694 320 539 621622 365 583 367 491 157 508 72 431 177 972 364 317 12 925 446 922 301965 9305 5572738
Ab. Studertohodiny 108
Podet students hodin dstav 446 020 06| 208 022,70| 20507600 134041,24| 253083.45| 18566200 21752244 62657 00| 05e8e.4z| S2FTEO0O0( 11624200 42 504D0| 20433442 107 21200 4000 253811570
Podil pracowiZté dle kritéria A 1757 % 223% 11669 532% 10.01% TR 1251% 251% 3ITE 232% 4B0% 101% 205% 423% 0,00% 100 DO %
Mz do wi fond pracowiftd (krit. A0) 122 414 57 342 1231 37035 69 706 50 930 37 145 17 471 6 262 16 131 32068 13312 56080 29 454 11 696592
fc. Podet a kvalifikace pracowrikd 10%
Poet bodd dstawy 35 30 30 T4 53 71 1z1 3% 45 39 35 4 47 15 10 342
Podil pracovisté dle kritéria S 10,10% 950% 9504 270% 6.20% 243% 1437% 451% 5.34% 463 % 416% 5821 558% 1.78% 1,19% 100 DO
Mz do i fond pracowiEtd (krit. Ac) 70 221 66 125 65 125 61221 43 247 52730 100 104 438 37 229 32 265 2% 056 a0 538 32883 12410 2373 606502
B. Wyaum a vyvoj
Ba. Wédecks innost Ustauu 100%
Koeficient die "upraven ého” wzorce 00200636 01228381 00783470 01428083 00280841 02003773 00353117| 00025440 0,0357887| 0,0070014| 00434650 00742574 00452272| 0)O000DD| D.0IBEASS5 1,0000000
Podil pracowists dle kritéria Ba 301% 1228% 78I% 1429% TR 20,04 % 3.52% 0,.85% 358 a7 435% AT 4/3% 0,00% 286% 100 PO
Mz do i fond pracowiftd (krit. Ba) 32 009 100 655 64198 117 D8z 3 206 171 566 8 835 Fo0z 9 326 79 558 35616 60 847 37928 i I3 AT 219411
vypodtows, souiasny a nowf mzdowy fond
S chidileny mad 0wy fond pracovisté wroce 2007 240 176 503 246 563 566 612 548 738 427 742538 1098 326 784653 366 709 203 097 375 288 337 117 572 034 750 138 54037 7715200
Foudasny madowy fond pracoviiti (swod 1.4 2007) 240 176 592 248 563 SEE £12 542 T2g 427 74z 532 1098 226 284653 266 TOI 293 937 375 288 237 117 s72az4 50128 54827 7715 200 |
Foudasny mzdowf fond - podil mezi prac [%] 10,38 % TR 7a0% Ta4% 9,44% 962% 14,24% 369% 475% 381% 45T 437 % TAE 3.24% 071% 100 DO%
Wiypodtenit mzdowi £ nd pracowviitd 355 224 617 364 611308 535 387 THE 352 647 117 1083675 43 49 365 247 305 926 460 956 327 622 STA513 343831 41 DE2 7785333
Moy medow fond pracowté - fhtiuni 250 208 600 658 505 304 561 441 753 T30 672074 1028 550 757 164 365738 301 950 437 60D 330 787 STT5I0 312 60D a5 657 7 761956
Zakladni mzdy od 1. 4 2008 589 370 433 055 411 5640 412 3355 310873 473 352 03 234 285 9835 204 TE5 189 TE1 214 495 200818 306 865 245 709 153733 5291250
Hows mzdouy fond pracovisté 852 763 611 494 597187 563 132 ¥56 001 680 969 | 1 091 837 257 938 366 836 302 8§59 433 903 3 784 579 260 M3 542 45 824 T 785 333
Fiktivni = Soudasny + 2/30Vypodteny - Soudasry ] UM uFI UMTHE UMyl UK EO UsT UvssaR UPEI Ua Ol Ly el il LPPT
12210 13220 12250 13280 13200 12300 12210 13350 13260 13370 13420 13460 13520 12620

w =10,0,0.895,0.105 w =1{0,0.895,0,0.105},

w ={0,0.895,0,0.105)

20




Zjednoduseny model ZPO NLP

M - metalurgicka délka

JT ) (AUT) N ) (AUT) N ) (\EJT) N ( AT N Q
OC = | A — | / e | v, —
f T dr dr dy Ay dz = f Sz

I = Tiici
T
—A— =0
n
T,
an
JT .
_}‘-._ = htc (T‘pm‘rclm - Tx) + o< (I;;lm-'rchu - ]::l-c)
n
T
_ Af_j —




Zjednoduseny model ZPO NLP

Zmin = 11111 {ma:x {Tsu'rface,i

a8 .
v T

"i i-"tlr:“._.-JrJrl

:ET[]

ik
0

Hij i

it f
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| VAN
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_ Tsu:r‘face,i—l—l} _ Ucasti-ng}

F Y QN
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h‘tc,ma;r.m m=1,...,13

To Vi j. k

Ho Vi, j. h

oy ity R
Ti,j_k E T;‘.j?ﬂ'.ma;r pro vy brané Ly ] k:

Mt < M.

+ Numericky model teplotniho pole (metoda siti)




Zjednoduseny model ZPO NLP
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Salary Index

National Salary Trend from Indeed.com
—— Operations Research Analyst
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